Constant-norm scrambled sets for hypercyclic operators  by Moothathu, T.K. Subrahmonian
J. Math. Anal. Appl. 387 (2012) 1219–1220Contents lists available at SciVerse ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Note
Constant-norm scrambled sets for hypercyclic operators
T.K. Subrahmonian Moothathu
Department of Mathematics and Statistics, University of Hyderabad, Hyderabad 500 046, India
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 February 2011
Available online 12 September 2011
Submitted by Richard M. Aron
Keywords:
Hypercyclic operator
Scrambled set
Let T : X → X be a hypercyclic operator of a Banach space X , let D(T ) = {x ∈ X: x has a
dense T -orbit}, and let Xr = {x ∈ X: ‖x‖ = r} for r > 0. We show that there is a linearly
independent subset S ⊂ D(T ) with the following properties: (i) for any r > 0, and any
nonempty, relatively open subset U of Xr , the intersection S∩U is uncountable, (ii) S− S ⊂
D(T )∪{0}; and in particular, lim infn→∞ ‖Tna−Tnb‖ = 0 and limsupn→∞ ‖Tna−Tnb‖ = ∞
for any two distinct a,b ∈ S .
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The notion of a scrambled set comes originally from Topological Dynamics [5]. Let us recall it. Suppose f is a continuous
self-map of a compact metric space (X,d). A subset S ⊂ X with at least two points is said to be a scrambled set for f if
lim inf
n→∞ d
(
f n(a), f n(b)
)= 0 and limsup
n→∞
d
(
f n(a), f n(b)
)
> 0 (1)
for any two distinct a,b ∈ S . Possessing an uncountable scrambled set is an indication of complexity in the dynamics of f .
Recently, the notion of a scrambled set was considered for bounded linear operators of Banach spaces [2,6]. The existence
of an uncountable scrambled set in the Banach space setting may not be as strong an indication of complicated dynamics
as in the compact metric space case. For example, it may happen that the span of a single vector becomes an uncountable
scrambled set [2]. Therefore, it is natural to look for some feature stronger than uncountability for a scrambled set in the
Banach space setting. The aim of this note is to show that if an operator is hypercyclic (i.e., if it admits a vector with dense
orbit), then it has a scrambled set in a strong sense as given by our main theorem, where the prominent new feature is the
linear independence of the vectors in the scrambled set.
2. Main theorem
Let X be a Banach space and let T : X → X be a bounded linear operator. The T -orbit of an element x ∈ X is deﬁned as
O T (x) = {x, T x, T 2x, T 3x, . . .}. Let D(T ) = {x ∈ X: O T (x) = X}. It is easy to see that if T is hypercyclic, then D(T ) is a dense
Gδ subset of X .
Theorem 1. Let T : X → X be a hypercyclic operator of a Banach space X and let Xr = {x ∈ X: ‖x‖ = r} for r > 0. Then there
is a linearly independent subset S ⊂ D(T ) with the following properties: (i) for any r > 0, and any nonempty, relatively open sub-
set U of Xr , the intersection S ∩ U is uncountable, (ii) S − S ⊂ D(T ) ∪ {0}; and in particular, lim infn→∞ ‖Tna − Tnb‖ = 0 and
limsupn→∞ ‖Tna − Tnb‖ = ∞ for any two distinct a,b ∈ S.
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and separable. Fix r > 0 and consider Xr .
Lemma 1. If Y ⊂ X is countable, then Xr ∩ span[Y ] is an Fσ set of ﬁrst category in Xr .
Proof. Let Z = Xr ∩ span[Y ]. It is clear that Z is Fσ in Xr . Suppose Z is of second category in Xr . Then the relative interior
of Z in Xr is nonempty since Z is Fσ . Then it will follow that span[Y ] has nonempty interior in X , forcing span[Y ] = X .
This is not possible since X is inﬁnite dimensional and complete. 
Lemma 2. If y ∈ D(T ) ∪ {0}, then Xr ∩ [D(T ) + y] is a dense Gδ subset of Xr .
Proof. Since the Gδ property is clear, it suﬃces to prove denseness. The case y = 0 is easy. So assume y ∈ D(T ) and let
Y = span[O T (y)]. Then it is known that Y is a dense vector subspace of X with Y \ {0} ⊂ D(T ) (this was ﬁrst proved
independently by Herrero [4] and Bourdon [3] for complex Hilbert spaces and then extended to more general settings by
Bès [1] and Wengenroth [7]). Therefore, Y \ {y} = [Y \ {0}]+ y ⊂ D(T )+ y. If U ⊂ Xr is a relatively open nonempty set, then
U ∩ [Y \ {y}] 	= ∅ since Y is a dense vector subspace of X . Hence U ∩ [D(T ) + y] 	= ∅ also. 
Proof of Theorem 1. We will use transﬁnite induction. Let Ω denote the ﬁrst uncountable ordinal and let LΩ be the
collection of all ordinals less than Ω . For each β ∈ LΩ , we will choose a suitable point yβ and our set S will be {yβ : β ∈ LΩ }.
Note that LΩ is bijective with R (and hence with R4) under the continuum hypothesis. Therefore, we can ﬁnd a surjective
map f : LΩ → (0,∞) × N2 having the property that f −1((r,n,k)) is uncountable for every (r,n,k) ∈ (0,∞) × N2. Let
{x(r,n): n ∈ N} be a countable dense subset of Xr for each r > 0. For β ∈ LΩ , we deﬁne Bβ = {y ∈ Xr: ‖x(r,n) − y‖ < 1/k}
if f (β) = (r,n,k).
We denote the smallest member of LΩ by the symbol θ . To start the induction process, pick yθ ∈ Bθ ∩ D(T ) by Lemma 2.
Now consider β ∈ LΩ and assume that for each α < β , we have chosen points yα such that
(i) yα ∈ Bα ∩ D(T ) for α < β ,
(ii) {yα: α < β} is linearly independent,
(iii) yα − yδ ∈ D(T ) for δ < α < β .
Let r > 0 be such that f (β) = (r,n,k) for some (n,k) ∈ N2. Put F = Xr ∩ span[{yα: α < β}] and G = Xr ∩ D(T ) ∩
(
⋂
α<β [D(T )+ yα]). Then F is an Fσ set of ﬁrst category in Xr by Lemma 1 and G is a dense Gδ subset of Xr by Lemma 2.
Hence G \ F is a dense Gδ subset of Xr by the completeness of Xr . Let yβ ∈ Bβ ∩ [G \ F ]. By our choice yβ ∈ Bβ ∩ D(T ),
{yα: α < β} ∪ {yβ} is linearly independent, and yβ − yα ∈ D(T ) = −D(T ) for every α < β . This completes the description
of the choice of yβ ’s. It is easy to verify that the set S = {yβ : β ∈ LΩ } has all the required properties. 
Remark. For a contrast, we go back to Topological Dynamics and mention that on a compact metric space, a continuous
self-map possessing a dense orbit may not have any scrambled set at all – consider for instance any irrational rotation of
the unit circle.
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